We consider a chain of regularly-spaced spherical metallic nanoparticles, where each particle supports three degenerate localized surface plasmons. Due to the dipolar interaction between the nanoparticles, the localized plasmons couple to form extended collective modes. Using an open quantum system approach in which the collective plasmons are interacting with vacuum electromagnetic modes and which, importantly, readily incorporates retardation via the light-matter coupling, we analytically evaluate the resulting radiative frequency shifts of the plasmonic bandstructure. For subwavelength-sized nanoparticles, our analytical treatment provides an excellent quantitative agreement with the results stemming from laborious numerical calculations based on fully-retarded solutions to Maxwell's equations. Indeed, the explicit expressions for the plasmonic spectrum which we provide showcase how including retardation gives rise to a logarithmic singularity in the bandstructure of transverse-polarized plasmons. We further study the impact of retardation effects on the propagation of plasmonic excitations along the chain. While for the longitudinal modes, retardation has a negligible effect, we find that the retarded dipolar interaction can significantly modify the plasmon propagation in the case of transverse-polarized modes. Moreover, our results elucidate the analogy between radiative effects in nanoplasmonic systems and the cooperative Lamb shift in atomic physics.
We consider a chain of regularly-spaced spherical metallic nanoparticles, where each particle supports three degenerate localized surface plasmons. Due to the dipolar interaction between the nanoparticles, the localized plasmons couple to form extended collective modes. Using an open quantum system approach in which the collective plasmons are interacting with vacuum electromagnetic modes and which, importantly, readily incorporates retardation via the light-matter coupling, we analytically evaluate the resulting radiative frequency shifts of the plasmonic bandstructure. For subwavelength-sized nanoparticles, our analytical treatment provides an excellent quantitative agreement with the results stemming from laborious numerical calculations based on fully-retarded solutions to Maxwell's equations. Indeed, the explicit expressions for the plasmonic spectrum which we provide showcase how including retardation gives rise to a logarithmic singularity in the bandstructure of transverse-polarized plasmons. We further study the impact of retardation effects on the propagation of plasmonic excitations along the chain. While for the longitudinal modes, retardation has a negligible effect, we find that the retarded dipolar interaction can significantly modify the plasmon propagation in the case of transverse-polarized modes. Moreover, our results elucidate the analogy between radiative effects in nanoplasmonic systems and the cooperative Lamb shift in atomic physics.
I. INTRODUCTION
The ability to confine and control light at the nanoscale is a major achievement of plasmonic systems [1] [2] [3] . It is expected that such an appealing property will allow the field to spawn numerous applications, in areas ranging from subwavelength optics and data storage to light generation, microscopy and biophotonics [4] .
The plasmonic quasiparticle, a collective oscillation of electrons in a metal, may occur in a variety of different forms, such as a bulk plasmon inside the volume of a metallic solid, a surface plasmon at a metal-dielectric interface, or a localized surface plasmon (LSP) in a metallic nanoparticle [5] .
Nearly twenty years ago, it was suggested [6] that a linear chain of regularly-spaced metal nanoparticles could be used as a subwavelength light guide by exploiting plasmons. The idea was to harness the electrodynamic interparticle coupling between the LSPs to transmit light along the effective waveguide. Such a system is thought to be a key component in future plasmonic circuitry, and consequently there has been a plethora of pioneering experimental [7] [8] [9] [10] [11] [12] [13] and theoretical [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] investigations seeking to achieve energy and information transport over macroscopic distances using metallic nanoparticle chains. Furthermore, bipartite chains have also been shown to be of fundamental interest due to their inherent topologically-nontrivial behavior [28] [29] [30] [31] .
The electrodynamic interparticle interaction in the chain leads to coupling of the LSPs into collective plasmonic excitations that are extended over the whole onedimensional array. This in turn gives rise to a collective plasmonic bandstructure, in direct analogy with the quasiparticles (like electrons or phonons) encountered in one-dimensional lattices in solid-state physics. A number of early theoretical investigations sought to map out the plasmonic bandstructure, predominantly from numerical solutions to Maxwell's equations in the quasistatic limit, i.e., without including the effects of retardation in the far field [6, [14] [15] [16] .
It was first noticed by Weber and Ford [17] , and independently by Citrin [18] , that retardation has a significant impact on the plasmonic bandstructure and results in radiative shifts of the quasistatic dispersion relation. In particular, a cusp was found to appear at the intersection of the quasistatic plasmonic spectrum with the light cone for the case of transverse-polarized plasmons (i.e., those with dipole moments pointing perpendicular to the chain). Subsequently, further investigations [19] [20] [21] [22] [23] [24] , principally using numerical and semi-analytical solutions to Maxwell's equations, confirmed the results of Refs. [17, 18] and the importance of retardation. However, for these aforementioned calculations to be fully consistent, they require the introduction of a correction to the polarizability due to radiation damping, a term which is not universally agreed upon in the literature and which can lead to acausal behavior [17] . Furthermore, it is well-known that the frequency shift for a single radiating oscillator, as obtained classically with the introduction of an Abraham-Lorentz term in the equation of motion, is an order of magnitude smaller than the result arising from a quantum mechanical calculation [32] . No-tably, in the pioneering experiments of Lamb and Retherford on the fine structure of the hydrogen atom [33] , it is the quantum theory [34] which describes the experimental data with spectacular quantitative agreement.
More recently, several groups also developed quantum treatments of plasmonic chains [25] [26] [27] , neglecting retardation effects. A quantum approach is particularly needed when the size of the nanoparticles constituting the chain is such that quantum-size effects are important [35] . Moreover, as we show below, theoretical tools borrowed from quantum optics provide a useful and straightforward framework for investigating retardation effects in nanoplasmonic systems.
In this work, we use an open quantum system approach to systematically study retardation effects on the collective plasmon bandstructure in chains of metallic nanoparticles in a fully self-contained manner. Such an approach allows one to directly access the finite plasmonic lifetimes [27] , which arise due to the irreversible dissipation of energy from the plasmonic system to the three-dimensional photonic bath to which it is coupled. As follows from the fluctuation-dissipation theorem [36] , the photonic environment further gives rise to a shift in the plasmonic energy levels [37] , in direct analogy with the celebrated Lamb shift in atomic physics [34, 38] . Advantageously, our approach allows us to uncover simple analytical expressions which provide unique insight into the phenomena under investigation. In particular, we reveal for long chains that the aforementioned cusp in the transverse-polarized plasmonic bandstructure corresponds to a logarithmic singularity. We further perform numerical calculations based on the fully-retarded solutions to Maxwell's equations for a finite chain of point dipoles [17] and find excellent quantitative agreement with our analytical theory in the limit of small nanoparticles.
Our open quantum system approach also allows us to study the transport of plasmonic excitations along the chain, and to elucidate the effect of retardation on it. We find that such effects, as well as the long-ranged nature of the dipole-dipole interaction, are unimportant (at the qualitative level) for the transport of longitudinal plasmonic excitations. In contrast, retardation effects can have an important impact on electromagnetic energy transport in the case of transverse excitations.
The radiative frequency shifts studied here are connected to the so-called cooperative Lamb shift, familiar from many-atom systems, where an enhancement of the Lamb shift due to collective interactions between particles is exhibited [39, 40] . Such a cooperative Lamb shift has been measured in a variety of pioneering atomic physics experiments [41] [42] [43] [44] , including most recently a synthetic vacuum using ultracold atomic gas mixtures [45] . One consequence of our work is the proposal that the experimental detection of radiative shifts in a chain of metallic nanoparticles would constitute a realization of the cooperative Lamb shift in nanoplasmonics. The paper is organized as follows: In Sec. II, we present our model of a chain of plasmonic nanoparticles coupled to vacuum photonic modes. In Sec. III we derive the quasistatic plasmonic bandstructure. We unveil analytical expressions for the radiative shifts of the collective plasmonic bandstructure in Sec. IV and compare them to classical electrodynamic numerical calculations in Sec. V. In Sec. VI, we study the influence of retardation effects on the transport of plasmonic excitations along the chain. Finally, we draw conclusions in Sec. VII. The appendix presents our analytical result for the radiative decay rates of the collective plasmons, including the long-ranged dipole-dipole interaction, and compares such a result to electromagnetic numerical calculations.
II. MODEL
We start by presenting our model, which builds upon the quantum theory developed in Ref. [27] , with the significant extensions of including the effects of both longrange quasistatic interactions and retardation. We note that a classical model could also be used (cf. Sec. V), with the significant cost of losing complete integrability.
Specifically, we consider a one-dimensional array of spherical metallic nanoparticles of radius a separated by a center-to-center distance d (see Fig. 1 ). Each nanoparticle contains N e valence electrons of charge −e < 0 and mass m e and supports three degenerate, orthogonal dipolar LSPs polarized along the directions x, y or z. Each LSP corresponds to a harmonic oscillation of the electronic center of mass at the (bare) resonance frequency ω 0 . The latter quantity coincides with the Mie frequency ω p / √ 3 = N e e 2 /m e a 3 for the case of alkaline nanoparticles in vacuum, where ω p is the plasma frequency. Coulomb interactions between the LSPs in the chain, which are essentially dipolar for an interparticle separation d 3a [16] , lead to the coupling of the localized plasmonic modes into collective plasmons extended over the whole chain. In the following, we show that the resulting collective plasmonic bandstructure is highly modified by retardation effects, accounted for in our model by the coupling of the plasmonic modes to the three-dimensional photonic environment.
Throughout this work we neglect the effects of Landau damping [46] [47] [48] [49] , and the associated shift it induces in the plasmonic resonance frequency [50] , since we are primarily focused on radiative effects, which are dominant as long as the nanoparticles are not too small (i.e., their radius should be more than ca. 5 nm).
In the Coulomb gauge [51, 52] , the fully-retarded Hamiltonian of the plasmonic chain coupled to vacuum electromagnetic modes in a volume V reads
The purely plasmonic Hamiltonian describing the LSPs coupled through the long-ranged quasistatic dipoledipole interaction is [53, 54] 
Here, the indices {n, m} ∈ [1, N ] denote the particle number in the chain of N nanoparticles and σ accounts for the two transverse (x, y) and the single longitudinal (z) polarizations of the plasmonic modes (see Fig. 1 ). The bosonic operator b σ n (b σ n † ) annihilates (creates) an LSP with polarization σ on nanoparticle n. The coupling constant is Ω = (ω 0 /2)(a/d) 3 , and the polarizationdependent factor η x,y = 1 (η z = −2) for the transverse (longitudinal) modes arises from the anisotropy of the dipolar interaction.
The photonic environment in Eq. (1) is described by the Hamiltonian
where aλ
annihilates (creates) a photon with wavevector k, transverse polarizationλ k (i.e., k·λ k = 0), and dispersion ω k = c|k|, where c is the speed of light in vacuum.
The plasmon-photon coupling Hamiltonian in Eq. (1) reads in the long-wavelength approximation (k 0 a 1, with k 0 = ω 0 /c) as [51, 52] 
where d n = d(n − 1)ẑ corresponds to the location of the center of nanoparticle n (here and in what follows, hats designate unit vectors). The momentum associated with the LSPs in nanoparticle n is
while the vector potential is given by
(6) Importantly, the Hamiltonian (4) fully takes into account retardation effects. In particular, the first term on the right-hand side of Eq. (4), together with the quasistatic interaction in Eq. (2), correspond to the retarded dipoledipole interaction, as can be readily checked from secondorder perturbation theory [52] . In Sec. IV, by means of second-order perturbation theory we show that the light-matter coupling in Eq. (4) leads to the radiative frequency shifts which we evaluate analytically.
III. QUASISTATIC PLASMONIC BANDSTRUCTURE
Before analyzing the effect of the photonic environment on the collective plasmon dispersion in Sec. IV, here we consider first the purely plasmonic Hamiltonian (2) and derive its associated quasistatic spectrum.
In the long-chain limit where N 1 [55] , it is convenient to use periodic boundary conditions and to move into wavevector space via the Fourier transform b 
where the structure factor
can be expressed in terms of the polylogarithm function Li s (z) = ∞ n=1 z n /n s . The Hamiltonian (7) can be readily diagonalized by a bosonic Bogoliubov transformation, yielding
where the quasistatic spectrum of the collective plasmonic modes is (10) describes the quasistatic plasmonic bandstructure of the system unperturbed by the photonic environment, which recovers the classically-calculated result from the literature [14, [16] [17] [18] . This is plotted in Their and in what follows, we only display results as a function of positive plasmon wavenumber, due to the even parity of the quantities under consideration. In the figure, we also plot the plasmonic dispersion considering only the dipolar interaction between nearest neighbors in the chain (see dashed lines),
As can be seen from the figure, the long-ranged nature of the quasistatic part of the dipolar interaction has a rather weak effect on the plasmonic bandstructure. In particular, the bandwidth ∆ω
| is larger when interactions with all pairs of nanoparticles are taken into account. In the weak-coupling limit Ω ω 0 , we find ∆ω σ = 7|η σ |ζ(3)Ω/2 4.21|η σ |Ω, while the nearestneighbor bandwidth ∆ω σ n.n. = 4|η σ |Ω.
IV. RADIATIVE SHIFTS OF THE COLLECTIVE PLASMONIC BANDSTRUCTURE
In order to obtain the radiative frequency shifts induced by the photonic environment and resulting from the retardation in the dipole-dipole interaction, we now treat the coupling Hamiltonian (4) up to second order in perturbation theory. For a given mode, the plasmonic energy levels then become
, where the unperturbed contribution is E The first-order contribution
arises from the second term on the right-hand side of Eq. (4), that does not involve plasmonic degrees of freedom. As such, this correction corresponds to a global energy shift which does not depend on the quantum number n σ q . Therefore, it does not lead to a renormalization of the collective mode resonance frequency, since only interlevel energy differences are observable.
The second-order contribution E (2) n σ q arises from the first term on the right-hand side of the coupling Hamiltonian (4). It corresponds to the emission and subsequent reabsorption of virtual photons by the plasmonic state |n σ q . Explicitly, one finds
where the summation over k excludes the singular term for which ω k = ω σ q . In the expression above, the array factor reads as
with k z = k ·ẑ. In the continuum limit, where k → VP d 3 k/(2π) 3 (here, P denotes the Cauchy principal value), the second-order correction (13) appears to be divergent. Such a divergence can be regularized by introducing an ultraviolet cutoff k c , which must be of the order of 1/a, the wavelength below which the dipolar approximation used in Eq. (4) breaks down [56] .
To second order in perturbation theory, the renormalized frequency difference between successive plasmonic energy levelsω
)/ is then independent of the quantum number n σ q and reads
where the radiative frequency shift is given by
Carrying out the summation over photon polarization in Eq. (16) via the relation λ k |σ ·λ k | 2 = 1−(σ ·k) 2 and transforming the wavevector summation into a principalvalue integral in spherical coordinates (k, θ, ϕ) yields
where k c > ω σ q /c. The integral over the azimutal angle ϕ is easily evaluated with the identity
In the long-chain limit (N 1), the subsequent integral over the polar angle θ is readily obtained using that |F
, where δ(z) is the Dirac delta function. Carrying out the remaining integral over k then gives the final result
with ω c = ck c and where Θ(z) is the Heaviside step function. The frequency shift (19) is only logarithmicallydivergent with the cutoff ω c , in analogy with the expression for the Lamb shift in atomic physics [34, 38] . As is the case for the associated radiative damping decay rate of the system (cf. Eq. (A1) in the appendix and Ref. [27] ), the magnitude of the frequency shift (19) is directly proportional to the volume of the nanoparticles in the chain (δ σ q ∝ a 3 ). When compared to the singlenanoparticle LSP radiative shift δ 0 2ω 0 (k 0 a) 4 /3π [37] , the shifts (19) can be at least an order of magnitude larger than δ 0 , since |δ
, where k 0 a 1 within the dipolar approximation (4). Such a superradiant behavior arises due to the constructive interferences between the electromagnetic fields generated by each LSP in the chain, hence enhancing the effective coupling to the photonic environment, analogously to the cooperative Lamb shift in atomic physics [39] [40] [41] [42] [43] [44] . Superradiance is also observed for the radiative decay rates of the collective plasmons [27] (see Fig. 5 ), since both energy-level renormalizations and finite lifetimes are intimately related through the fluctuation-dissipation theorem [36] .
In Fig. 2 , we plot the renormalized plasmonic bandstructure (15) Immediately apparent from Fig. 2 is the presence of a cusp in the dispersion relation of the transverse modes [panel (a)]. In the large-chain limit (N 1), such a cusp corresponds to a logarithmic singularity, see the last term in Eq. (19) . This singularity occurs at the intersection between the quasistatic plasmonic dispersion and the light cone (ω x,y q = c|q|), i.e., at |q| k 0 to zeroth order in Ω/ω 0 1. The presence of a polarization-dependent singularity may be expected from the knowledge of the radiative damping decay rate of the system [cf. Eq. (A1) and Fig. 5(a) in the appendix] which presents a step discontinuity for the transverse polarization at |q| k 0 . In contrast, there is no such discontinuity of the radiative damping rate for the longitudinal polarization, and hence no cusp appears in the associated dispersion [see The behavior observed in Fig. 2 and encapsulated in Eq. (19) has been reported previously by means of laborious numerical calculations based on the fully-retarded solutions to Maxwell's equations [17] [18] [19] [20] [21] [22] [23] [24] . Our simple open quantum system approach provides a transparent analytical expression which describes all of the key phenomena observed in the collective plasmon dispersion relation, including the effects of retardation.
As a caveat, we have to point out that the singularity in the transverse collective plasmon dispersion stems from a perturbative calculation up to second order in the light-matter interaction. As such, large deviations from the natural LSP frequency ω 0 should be treated with caution. A thorough analysis involving the simultaneous diagonalization of the plasmonic and photonic systems in the strong coupling regime goes however beyond the scope of the present manuscript.
V. COMPARISON TO CLASSICAL ELECTRODYNAMIC CALCULATIONS
In this section we compare the plasmonic dispersion relation as derived from our open quantum system approach [cf. Eqs. (15) and (19) ] to the results obtained by solving Maxwell's equations including retardation. We employ the classical theory of Weber and Ford [17] for a finite chain of N nanoparticles within the point-dipole approximation. Following the methodology presented in Sec. III of Ref. [17] , we numerically calculate the plasmonic dispersion using the classical expression of the induced dipole moment on each nanoparticle in the chain for lossless metals. These coupled dipole moments give rise to an N × N non-Hermitian eigenvalue problem. The plasmonic eigenfrequencies are extracted from the real part of the complex roots of the formed determinant, while the imaginary part gives access to the radiative decay rate of the collective plasmons (see the appendix) [57] .
In our numerical calculations, we account for the effect of radiation damping in the polarizability using the prescription used, e.g., in Ref. [58] (see also Eq. (6) in Ref. [17] ). Notably, this ad hoc correction to the polarizability is not universally accepted in the literature and can lead to acausal behavior of the system [32] . Both of these problems are increasingly pronounced for greater particle sizes as this corrective term is no longer perturbative.
In Fig. 3 we plot the results obtained from the numerical procedure described above for a chain of N = 20 nanoparticles, for an interparticle separation d = 3a (colored dots) for both polarizations and for increasing nanoparticle sizes [59] . We further plot the analytical expression (15) for comparison (see solid lines). As can be seen from the figure, for the smaller nanoparticle sizes [k 0 a = 0.1, green dots and lines in panels (a),(d)], the quantitative agreement is excellent for both plasmon polarizations. With increasing particle sizes [k 0 a = 0.2 and k 0 a = 0.3, blue and red dots and lines, panels (b),(e) and (c),(f), respectively], the quantitative agreement is reduced, but still very good, with a relative difference of about 1 % (2 %) for k 0 a = 0.2 (k 0 a = 0.3). In the transverse polarization, the frequency softening induced by the light-matter coupling (encoded in the singular frequency shift) is qualitatively reproduced by the numerical analysis.
VI. RETARDATION EFFECTS ON THE PROPAGATION OF PLASMONIC EXCITATIONS ALONG THE CHAIN
Having discussed the influence of retardation on the plasmonic bandstructure in Sec. IV, here we study its impact on the propagation of plasmonic excitations along the chain. Assuming that the first nanoparticle within the chain is driven by a monochromatic, sinusoidal electric field with driving frequency ω d , amplitude E 0 , and polarizationˆ , the time-averaged, root-mean-square (dimensionless) dipole moment on nanoparticle n is given by (see Sec. IV in Ref. [27] for details)
Here,
and
where
with the Rabi frequency Ω R = eE 0 N e /2m e ω 0 , and
q + γ O corresponds to the total decay rate of the plasmonic mode with wavevector q and polarization σ. This quantity is composed of the radiative decay rate γ σ,r q , whose expression is given by Eq. (A1) in the appendix, and of the nonradiative (mode-and polarization-independent) Ohmic losses γ O . Notice that for very small nanoparticles (those with radii smaller than ca. 5 nm), which we do not consider in this work, one must add to γ σ q the nonradiative Landau damping γ σ,L q elucidated in Ref. [27] in order to fully take into account all of the various decay mechanisms the plasmons are subject to.
In Fig. 4 , we show the result of a numerical evaluation of Eq. (20) (normalized by the root-mean-square dipole moment of the first nanoparticle, ∆σ 2 1 ) for a chain of N = 1000 nanoparticles spaced by a center-to-center interparticle distance d = 3a, where the first particle in the chain is driven by a monochromatic field with frequency ω d = ω 0 , for both transverse [panels (a)-(c)] and longitudinal [panels (d)-(f)] excitations, and for increasing values of the parameter k 0 a. In the figure, the red lines correspond to the fully-retarded results, i.e., taking into account both the quasistatic dispersion relation (10) including all neighbors in the chain, as well as the radiative shifts (19) . The blue lines are the resulting ∆σ 2 n considering the quasistatic bandstructure (10) but neglecting the radiative shifts (19) , while the green lines correspond to taking into account the dispersion relation with nearest-neighbor interactions only [cf. Eq. (11)]. The latter results correspond to the approximation used in Ref. [27] .
It is clear from Figs. 4(d)-(f) that both the long-ranged nature of the quasistatic dipolar interaction and the radiative shifts have essentially no qualitative effect on the propagation of plasmons for longitudinally-polarized excitations. As was argued in Ref. [27] , there is a clear crossover between an exponentially-decaying behavior of ∆σ 2 n for short distances along the chain (n 80 − 100 for the parameters used in the figure, depending on the nanoparticle sizes), and an algebraic one for larger distances (with ∆σ 2 n ∼ 1/n ζ z , where ζ z 2). The exponential decay is of purely nonradiative origin and is in excellent quantitative agreement with the estimate [27] 
VII. CONCLUSIONS
Within an open quantum system approach, we have developed a transparent theory of collective plasmons coupled to vacuum electromagnetic modes in a chain of spherical metallic nanoparticles. Our analytical model describes how the plasmonic bandstructure of the system can be strikingly modified by retardation effects. Most noticeable is the band reconstruction for the case of the transverse plasmon polarization, which exhibits a cusp corresponding to a logarithmic singularity at the intersection of the plasmonic dispersion with the light cone. Our analytical results have been shown to be in excellent agreement with numerical solutions of Maxwell's equations in the chain.
While two experiments [10, 11] have succeeded in mapping some of the plasmonic dispersion, namely the part of the first Brillouin zone significantly inside the light cone, the experimental observation of the full bandstructure remains an outstanding challenge, which will most likely require the use of electron energy loss spectroscopy [60] .
We have further studied the influence of retardation effects on the propagation of plasmonic excitations along the chain, when the first nanoparticle is driven by a monochromatic electric field. While retardation effects have essentially no influence on the plasmonic propagation for longitudinally-polarized modes, the propagation of transverse-polarized modes changes from an exponential decay for short distances along the chain into a fully-algebraic one for all distances in the case of large nanoparticles.
Our expressions for the radiative frequency shifts due to the photonic environment provide a clear link to the cooperative Lamb shift phenomenon in atomic physics, and suggest our proposed nanoplasmonic system as a novel host of effects commonly thought to only belong to the realm of quantum electrodynamics. 
APPENDIX: RADIATIVE DECAY RATES
The classical treatment based on Maxwell's equations with retardation for point dipoles proposed in Ref. [17] , which we follow to calculate plasmonic bandstructures numerically in Sec. V, further gives access to the radiative decay rate γ σ,r q of each collective mode in the chain of nanoparticles. For completeness, in this appendix we present our numerical data for γ σ,r q , which we then compare to the results derived from the open quantum system approach of Ref. [27] . Both approaches are found to be in very good agreement.
In Fig. 5 , we plot the decay rates γ σ,r q as found from our classical calculations for both collective plasmon polarizations (colored dots). As in Sec. V, the presented results are for a chain of N = 20 nanoparticles, with interparticle separation d = 3a and nanoparticle sizes k 0 a = 0.1 (green dots), k 0 a = 0.2 (blue dots), and k 0 a = 0.3 (red dots). Also displayed by solid lines in the figure is the radiative decay rates calculated from Fermi's golden rule with the light-matter coupling Hamiltonian (4) . Generalizing the results of Ref. [27] , which were obtained considering only nearest-neighbor interactions, to the case where the whole long-ranged quasistatic interaction is considered, yields in the long-chain limit (N 1) A1) is well matched by the data points. The slight deviations between analytical and numerical results around q = k 0 arise due to finite-size effects [27] and are most prominent for the transverse polarization [panel (a)], as is the case for the renormalized plasmonic dispersion (see Fig. 3 ).
